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Abstract
We investigate the structure of the moduli space of 9D heterotic interpolating models with a
complete set of Wilson line backgrounds and a radius parameter by computing the one-loop
partition functions and the cosmological constants and by deriving the massless spectra,
paying attention to the region a ≈ 0 where supersymmetry is asymptotically restoring.
We find some special planes and points in the moduli space where the gauge symmetry is
enhanced and/or massless fermions appear. The gauge symmetry is maximally enhanced at
the minima of the one-loop effective potential where the cosmological constant is negative.
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1 Introduction
Evidence for supersymmetry in accessible energy scale has not been found according to the
LHC experiment. Also, it is not a unique possibility that we start from supersymmetric string
models in 10 dimensions[1] and to compactify the models, preserving supersymmetry[2, 3, 4].
The landscape of non-supersymmetric string theories is larger than that of supersymmetric
ones[5, 6, 7], and non-supersymmetric string models can be regarded as good starting points
in string phenomenology. The exploration of the landscape of heterotic string vacua has
been developed in Ref. [8, 9, 10, 11]. It is worth trying to construct realistic models such
as the standard(-like) model or non-supersymmetric grand unified theories (GUT) from
non-supersymmetric string models. In particular, the SO(16)× SO(16) heterotic model[12,
13, 14, 15, 16, 17, 18], in which a tachyonic state does not appear, is often focused in
the investigation of non-supersymmetric string phenomenology[19, 20, 21, 22, 23, 24, 25].
In general, however, the cosmological constants (vacuum energies) of non-supersymmetric
strings are nonzero as the cancellation caused by fermion-boson degeneracy does not exist.
Consequently, the dilaton tadpoles, which are proportional to the cosmological constants,
are non-vanishing and cause vacuum instabilities. In order to improve this serious problem,
the cosmological constant needs to be made sufficiently small. While some constructions
of non-supersymmetric string models with small or zero cosmological constants have been
proposed[26, 27, 28, 29, 30, 31, 32, 33, 34], we in this paper focus on the interpolating
models[16], which are constructed by the Scherk-Schwartz compactification or the coordinate
dependent compactification (CDC)[35, 36, 37]. The interpolating models are frequently
adopted in the construction of realistic models[38, 39, 40, 41] or the exploration of S-duality
between non-supersymmetric string theories[42, 43]. The generic partition function of 9D
interpolating models is written as
Z
(9)
int =
1
2
Z
(7)
B
{
Λ0,0
(
Z++ + Z
+
−
)
+ Λ1/2,0
(
Z++ − Z+−
)
+ Λ0,1/2
(
Z−+ + Z
−
−
)
+ Λ1/2,1/2
(
Z−+ − Z−−
)}
, (1)
where Z
(N)
B = τ
−N/2
2 (ηη¯)
−N is the contributions from bosonic string coordinates in space-
time directions, Z±± represents those from fermionic string coordinates and rank 16 current
1
algebras1, and Λα,β is the SO(1, 1) momentum lattice defined as
Λα,β = (ηη¯)
−1 ∑
n∈2(Z+α)
∑
w∈Z+β
q
α′
2
p2
L q¯
α′
2
p2
R = (ηη¯)−1
∑
n∈2(Z+α)
∑
w∈Z+β
q
1
4
(na+w/a)2 q¯
1
4
(na−w/a)2 , (2)
with a dimensionless inverse radius a =
√
α′/R. In the limits that a → 0 and a → ∞, the
behaviors of the partition function (1) are respectively
Z
(9)
int →a→0
1
2a
Z
(8)
B Z
+
+ , Z
(9)
int →a→∞
a
2
Z
(8)
B
(
Z++ + Z
+
− + Z
−
+ + Z
−
−
)
. (3)
Therefore, these two 10D endpoint models are related by using the Z2 action Q : Z
±
+ → Z±−
and S transformation Z+− → Z−+ discretely2, while they can be connected continuously
through the partition function (1) with a continuous parameter. In this sense, the 9D string
model with the partition function (1) interpolates between the different 10D string models.
In particular, if we choose Z++ as a supersymmetric one, the cosmological constant at one-loop
level can be written as[16, 17]
Λ(9) = (nF − nB)ξa9 +O(e−1/a), a ≈ 0, (4)
where ξ is a computable positive constant, and nF and nB represent the degrees of freedom
of massless fermions and massless bosons respectively. This formula of the cosmological
constant is reviewed in Appendix C. The interpolating model with nF = nB has an ex-
ponentially suppressed cosmological constant in the region a ≈ 0 where supersymmetry is
asymptotically restoring. Note that mass splitting of the broken supermultiplet is given by
α′M2s = a
2 Such models, in which the suppression of the cosmological constant occurs at
one-loop level, are referred to as super no-scale models and studied in order to respect the
scenario that supersymmetry is already broken at string scale[44, 45, 46, 47, 48, 49, 50, 51].
Interpolating models can be deformed by turning on constant backgrounds as they are
constructed by compactifying higher-dimensional string models. In heterotic strings with d
dimensions compactified, we have the freedom of such deformations which are represented
by the coset
SO(16 + d, d)
SO(16 + d)× SO(d) , (5)
1The superscript and subscript of Z±± represent the periodicities around σ and τ -directions of the world-
sheet torus respectively.
2In Appendix B, some concrete examples of Z++ and the Z2 action Q are provided.
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where the denominator SO(16 + d)× SO(d) implies the rotations that leave left- and right-
moving momenta invariant respectively. These deformations can be realized by adding the
following terms to the world-sheet actions[52, 53]:
AIi
∫
d2z∂XIL∂¯X
i
R + Cji
∫
d2z∂XjL∂¯X
i
R, (6)
where the constant AIi corresponds to the background gauge fields (Wilson lines) and the
constant Cji is decomposed into metric gji and antisymmetric tensor Bji for I = 1, · · · , 16,
i, j = 10 − d, · · · , 9. In fact, it can be checked that the degrees of freedom of the coset
(5) agree with those of the constant backgrounds AIi and Cji. At generic points in moduli
space, the gauge symmetry is broken down to the product of Abelian groups since no massless
vectors are sitting on the nonzero roots in the momentum lattice. There are, however, special
planes and points in moduli space where the gauge symmetry is enhanced. For example,
in bosonic strings compactified on a circle, the gauge symmetry is U(1)2 for generic radii.
However, at the point in the moduli space such that the radius is
√
α′, the gauge symmetry
is enhanced to SU(2)×SU(2). In this paper, we consider 9D heterotic interpolating models
and the moduli space is 17-dimensional: a radius R and sixteen Wilson lines AI . On the
other hand, due to supersymmetry breaking, some moduli have no longer flat directions and
should be determined. Namely, there are stable points in moduli space which correspond to
the minima of the effective potential.
In Ref. [18], we constructed 9D interpolating models with two moduli by setting A1 =
A, AI 6=1 = 0 and found some special points in the two-dimensional moduli space, which is
reviewed in Sect. 2. In Sect. 3, we construct more general 9D interpolating models with
a complete set of Wilson lines and find some special planes and points in the moduli space
where the additional massless states appear. Sect. 4 is devoted to conclusion and discussion.
In Appendix A, we list the notation for some functions used in this paper. In Appendix
B, some 10D string endpoint models and the relations between them are briefly reviewed. In
Appendix C, we review the leading behavior of the cosmological constant of the interpolating
models in the region where supersymmetry is asymptotically restoring. In Appendix D,
we expand the momentum lattices with Lorentzian signature (17, 1), which appear in the
partition functions with sixteen Wilson lines. These expansions are useful to identify the
spectra of the string models.
3
2 The review of the one Wilson line case
In this section, we briefly review Ref. [18], in which we focus on the two-dimensional R-A
subspace of the moduli space. We evaluate the cosmological constant of the models and
discuss the stability of the Wilson line.
Turning on one Wilson line background, the left- and right-moving internal momenta
ℓL(= ℓ
I=1
L ), pL(= p
i=9
L ) and pR(= p
i=9
R ) are changed as follows[52, 53]:

ℓL =
1√
α′
m
pL =
1√
2α′
(an + a−1w)
pR =
1√
2α′
(an− a−1w)
→


ℓ′L =
1√
α′
(m− 2t1w)
p′L =
1√
α′
t−12 (t1m+ n/2− (t21 − t22)w)
p′R =
1√
α′
t−12 (t1m+ n/2− (t21 + t22)w) ,
(7)
where t is defined as
t = t1 + it2 =
1√
2
Aa−10 +
i√
2
a−10 , (8)
for a0 ≡
√
1 + A2a. In our partition function, a theta function which represents the sum
over the zero modes of XI=1L is combined with the momentum lattice Λα,β as follows:
Λα,β ϑ
[
γ
δ
]
η−1 → Λ(α,β)(γ,δ) (a, A), (9)
where Λ
(α,β)
(γ,δ) is defined as
Λ
(α,β)
(γ,δ) (a, A) ≡ (ηη¯)−1 η−1
∑
n,w,m
(−1)2mδq α
′
2 (p′2L+ℓ′2L)q¯
α′
2
p′2R , (10)
for n ∈ 2(Z + α), w ∈ Z + β, m ∈ Z + γ. We can check that the lattice Λ(α,β)(γ,δ) is invariant
under the shift
t→ t + 2. (11)
So, the fundamental region of the moduli space is
− 1 < t1 ≤ 1, t2 ≥ 0. (12)
2.1 Two examples
Let us construct concrete examples of 9D interpolating models with one Wilson line. We
choose the SO(16)× SO(16) model as the 10D non-supersymmetric endpoint and consider
the following two interpolations:
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• Model I: 10D SUSY SO(32) model ←→ 10D SO(16)× SO(16) model
• Model II: 10D SUSY E8 ×E8 model ←→ 10D SO(16)× SO(16) model
Applying (9) to (1), we can obtain the partition functions of Model I and Model II which
are respectively written as follows:
Z
(9)
Model I = Z
(7)
B
{
V¯8
(
O
(0,0)
16 O16 + S
(0,0)
16 S16
)
− S¯8
(
V
(0,0)
16 V16 + C
(0,0)
16 C16
)
+V¯8
(
V
(1/2,0)
16 V16 + C
(1/2,0)
16 C16
)
− S¯8
(
O
(1/2,0)
16 O16 + S
(1/2,0)
16 S16
)
+O¯8
(
V
(0,1/2)
16 C16 + C
(0,1/2)
16 V16
)
− C¯8
(
O
(0,1/2)
16 S16 + S
(0,1/2)
16 O16
)
+O¯8
(
O
(1/2,1/2)
16 S16 + S
(1/2,1/2)
16 O16
)
− C¯8
(
V
(1/2,1/2)
16 C16 + C
(1/2,1/2)
16 V16
)}
, (13)
Z
(9)
Model II = Z
(7)
B
{
V¯8
(
O
(0,0)
16 O16 + S
(0,0)
16 S16
)
− S¯8
(
O
(0,0)
16 S16 + S
(0,0)
16 O16
)
+V¯8
(
O
(1/2,0)
16 S16 + S
(1/2,0)
16 O16
)
− S¯8
(
O
(1/2,0)
16 O16 + S
(1/2,0)
16 S16
)
+O¯8
(
V
(0,1/2)
16 C16 + C
(0,1/2)
16 V16
)
− C¯8
(
V
(0,1/2)
16 V16 + C
(0,1/2)
16 C16
)
+O¯8
(
V
(1/2,1/2)
16 V16 + C
(1/2,1/2)
16 C16
)
− C¯8
(
V
(1/2,1/2)
16 C16 + C
(1/2,1/2)
16 V16
)}
, (14)
where we define
(
O
(α,β)
2n , V
(α,β)
2n , S
(α,β)
2n , C
(α,β)
2n
)
as
(
O
(α,β)
2n
V
(α,β)
2n
)
≡ 1
2ηn−1
(
Λ
(α,β)
(0,0) ϑ
n−1
[
0
0
]
(0, τ)± Λ(α,β)(0,1/2)ϑn−1
[
0
1/2
]
(0, τ)
)
, (15)
(
S
(α,β)
2n
C
(α,β)
2n
)
≡ 1
2ηn−1
(
Λ
(α,β)
(1/2,0)ϑ
n−1
[
1/2
0
]
(0, τ)± Λ(α,β)(1/2,1/2)ϑn−1
[
1/2
1/2
]
(0, τ)
)
. (16)
Note that Z
(9)
Model I and Z
(9)
Model II depend on a and A through Λ
(α,β)
(γ,δ) (a, A). We can see the
spectrum of the model at each mass level by expanding the partition function in q. At
generic values of t, the massless spectrum of Model I is
• the nine-dimensional gravity multiplet: graviton Gµν , anti-symmetric tensor Bµν and
dilaton φ;
• the gauge bosons of SO(16)× SO(14)× U(1)3;
• a spinor transforming in the (16, 14) of SO(16)× SO(14).
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Special points t1 = 0, 1 t1 = ±1/2
Gauge symmetry SO(16)× SO(16) SO(18)× SO(14)
Massless spinors (16, 16) (18, 14)
nF − nB positive zero
Table 1: The special points and the massless states at the points in Model I.
Special points t1 = 0 t1 = 1 t1 = ±1/2
Gauge symmetry SO(16)× SO(16) SO(16)×E8 SO(16)× SO(14)
Massless spinors (128, 1)⊕ (1, 128) (128, 1) (128, 1)
nF − nB positive negative negative
Table 2: The special points and the massless states at the points in Model II.
In Model II, the massless bosons are the same as in Model I while the massless spinors
transform in the (128, 1) of SO(16)× SO(14). Note that the Abelian factors of the gauge
group contain U(1)2 generated by Gµ9 and Bµ9. As expected, there are special points in the
moduli space where the additional states become massless. We summarize the special points
in the moduli space and the additional massless states at the points in Tabel 1 and Table 2.
Although only the non-Abelian parts of gauge symmetry are shown in the tables, there is,
in fact, the product of U(1)’s so that the total rank of the group is 183. These tables show
only the special points at which all the massless states have zero winding numbers because
we are interested in the region a ≈ 0 where supersymmetry is asymptotically restoring. In
Model I, the cosmological constant is exponentially suppressed at the points with t1 = ±1/2.
3In this paper, we sometimes omit the Abelian factors. But, the total rank of the gauge symmetry is
always 18 as long as we consider continuous deformations such as (6).
6
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
0.00000
0.00005
0.00010
0.00015
0.00020
0.00025
0.00030
0.00035
t1
Λ
(9
)
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
-0.010
-0.008
-0.006
-0.004
-0.002
0.000
t1
Λ
(9
)
Fig. 1: The left and right figures show the cosmological constants Λ(9) with a0 = 1 of Model
I and Model II respectively, in units of α′ = 1, up to exponentially suppressed terms. The
cosmological constants decay albegraically as t2 →∞.
2.2 The cosmological constant
We can evaluate the cosmological constant in the region a ≈ 0, following the procedure in
Appendix C. The cosmological constants of Model I and Model II are respectively
Λ
(9)
Model I(a, A) ≃ C0
(
a0√
α′
)9
8 {(224− 220) + 2(16− 14) cos (2πt1)} , (17)
Λ
(9)
Model II(a, A) ≃ C0
(
a0√
α′
)9
8
{
(27 − 220)− 2 · 14 cos (2πt1) + 2 · 26 cos (πt1)
}
, (18)
where C0 is a positive constant. Note that in Model I, the cosmological constant is already
invariant under the shift t1 → t1 + 1. So, in Model I, we can restrict our attention to the
region −1/2 < t1 ≤ 1/2 when a ≈ 0.
Fig. 1 shows the cosmological constants of Model I and II in terms of t1 respectively.
From Tables 1 and 2, we find that the gauge symmetry is enhanced at the extrema of Λ(9).
In particular, it seems that in Model I, the minima of Λ(9) are the points corresponding
to the SO(18) × SO(14) enhanced gauge symmetry, where the cosmological constant is
exponentially suppressed. In the next section, however, we will see that the other Wilson
lines are unstable at these points.
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3 General 9D interpolating models
In this section, we generalize 9D interpolating models by turning on a complete set of Wil-
son line backgrounds. In one-dimensional compactification of heterotic strings with sixteen
Wilson lines, the internal momenta are given as follows[52, 53]:
ℓIL =
1√
2α′
(√
2mI − 2AIa−10 w
)
, (19)
pL =
1√
2α′
(√
2A ·m+ a0n− (1− |A|2)a−10 w
)
, (20)
pR =
1√
2α′
(√
2A ·m+ a0n− (1 + |A|2)a−10 w
)
, (21)
where A ·m ≡∑16I=1AImI , |A|2 ≡ A · A, and a0 ≡√1 + |A|2a. Defining tI1 and t2 as
tI1 =
1√
2
AIa−10 , t2 =
1√
2
a−10 , (22)
the momenta can be rewritten as
ℓIL =
1√
α′
(
mI − 2tI1w
)
, (23)
pL =
1√
α′
t−12
(
t1 ·m+ n
2
− (|t1|2 − t22)w
)
, (24)
pR =
1√
α′
t−12
(
t1 ·m+ n
2
− (|t1|2 + t22)w
)
. (25)
In order to obtain the partition function, we define a momentum lattice Λ
(α,β)
(γI ,δI)
with
Lorentzian signature (17, 1) as
Λ
(α,β)
(γI ,δI)
(
a, AI
) ≡ (ηη¯)−1η−16 ∑
n,w,mI
(−1)2δ·mq α
′
2 (p2L+|ℓL|2)q¯
α′
2
p2
R, (26)
where the sum is taken over mI ∈ Z + γI , n ∈ 2(Z + α) and w ∈ Z + β. We find that
Λ
(α,β)
(γI ,δI)
is invariant under the shift
ti1 → ti1 + 2, for any i, (27)
with the redefinitions
mi → m′i = mi − 4w, mI 6=i → m′I 6=i = mI 6=i,
n→ n′ = n− 8w + 4
∑
i
m, w → w′ = w. (28)
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Thus, the fundamental region of the moduli space is
−1 < tI1 ≤ 1, t2 ≥ 0 (29)
After sixteen Wilson line backgrounds are turned on, the effective change in the partition
function is4
Λα,β ϑ
8
[
γ1
δ1
]
ϑ8
[
γ2
δ2
]
η−16 → Λ(α,β)
[
γ1 γ2
δ1 δ2
]
(a, AI), (30)
where we define
Λ(α,β)
[
γ1 γ2
δ1 δ2
]
(a, AI) ≡ Λ(α,β)
(γI ,δI )
(
a, AI
)∣∣∣
γI=((γ1)8,(γ2)8), δI=((δ1)8,(δ2)8)
. (31)
Note that the sums over n, w and mI can no longer be carried out separately in the partition
function.
3.1 Interpolation between SUSY SO(32) and SO(16)× SO(16)
Let us consider Model I with sixteen Wilson lines. According to (30), the partition function
of Model I is written as
Z(9)(a, AI) = Z
(7)
B
{
V¯8
(
χ
(0,0)
OO + χ
(0,0)
SS
)
− S¯8
(
χ
(0,0)
V V + χ
(0,0)
CC
)
+V¯8
(
χ
(1/2,0)
V V + χ
(1/2,0)
CC
)
− S¯8
(
χ
(1/2,0)
OO + χ
(1/2,0)
SS
)
+O¯8
(
χ
(0,1/2)
V C + χ
(0,1/2)
CV
)
− C¯8
(
χ
(0,1/2)
OS + χ
(0,1/2)
SO
)
+O¯8
(
χ
(1/2,1/2)
OS + χ
(1/2,1/2)
SO
)
− C¯8
(
χ
(1/2,1/2)
V C + χ
(1/2,1/2)
CV
)}
, (32)
4In this paper, we focus on the interpolations between 10D string models whose left-moving parts of the
partition function can be written in terms of the SO(16) characters.
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where we define
χ
(α,β)
OO ≡
1
4
∑
δ1,δ2=0,1/2
Λ(α,β)
[
0 0
δ1 δ2
]
, χ
(α,β)
V V ≡
1
4
∑
δ1,δ2=0,1/2
e2πi(δ1+δ2)Λ(α,β)
[
0 0
δ1 δ2
]
,
χ
(α,β)
SS ≡
1
4
∑
δ1,δ2=0,1/2
Λ(α,β)
[
1/2 1/2
δ1 δ2
]
, χ
(α,β)
CC ≡
1
4
∑
δ1,δ2=0,1/2
e2πi(δ1+δ2)Λ(α,β)
[
1/2 1/2
δ1 δ2
]
,
χ
(α,β)
OS ≡
1
4
∑
δ1,δ2=0,1/2
Λ(α,β)
[
0 1/2
δ1 δ2
]
, χ
(α,β)
V C ≡
1
4
∑
δ1,δ2=0,1/2
e2πi(δ1+δ2)Λ(α,β)
[
0 1/2
δ1 δ2
]
,
χ
(α,β)
SO ≡
1
4
∑
δ1,δ2=0,1/2
Λ(α,β)
[
1/2 0
δ1 δ2
]
, χ
(α,β)
CV ≡
1
4
∑
δ1,δ2=0,1/2
e2πi(δ1+δ2)Λ(α,β)
[
1/2 0
δ1 δ2
]
.
(33)
In Appendix D, we give some properties of Λ
(α,β)
(γI ,δI )
and χ
(α,β)
∗∗ in the region a ≈ 0.
3.1.1 Massless spectrum
Let us see the massless spectrum by expanding Z(9)(a, AI) in q. As in Sect. 2, we restrict our
attention to the states with zero winding number, which means that the parts with β = 1/2
in the partition function are omitted since we are interested in the behavior of the model at
the region a ≈ 0. In this section, we assume that t2 is fixed and take a large value such that
the formula (4) is valid, and consider the 16-dimensional moduli space characterized by tI1.
At generic points in the moduli space, the massless states appear from V¯8χ
(0,0)
OO only when
mI = 0 and n = w = 0. Thus, the massless spectrum at generic points is
• the nine-dimensional gravity multiplet: Gµν , Bµν , φ;
• the gauge bosons of U(1)18.
That the gauge symmetry is broken down to U(1)18 means that the momenta of the massless
vectors no longer get on the points corresponding to nonzero roots of any Lie algebras in the
momentum lattice, due to the deformations of the Wilson lines. As in the previous section,
however, we can find some special planes and points in the moduli space where the additional
massless states appear.
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Let us denote tI1 =
(
tA1 , t
A′
1
)
with A = 1, · · · , 8, A′ = 9, · · · , 16, and consider a plane in
the moduli space where p of tA1 ’s take the same value:
ta11 = t
a2
1 = · · · = tap1 = x, for p ≥ 2, (34)
Note that the constraint (34) represents the line in the p-dimensional subspace of the moduli
space. By expanding V¯8χ
(0,0)
OO on this plane, we find the additional massless vectors with
mI 6=a = 0, ma =
(
+1,−1, (0)p−2
)
, (35)
where the underline represents the permutations of the components and the index a is
denoted as {a1, a2, · · · , ap}. On the plane satisfying (34), therefore, the gauge symmetry is
enhanced to SU(p)× U(1)× U(1)18−p. Next, let us consider a more special plane on which
in addition to (34), the following constraint is satisfied:
tb11 = t
b2
1 = · · · = tbq1 = y, for b 6= a, q ≥ 2, (36)
where 1 ≤ b ≤ 8 or 9 ≤ b ≤ 16. Then, we find, from V¯8χ(0,0)OO , the additional massless vectors
whose
(
ma, mb
)
takes the values of the nonzero roots of SU(p)× SU(q):
(
ma, mb
)
=
(
+1,−1, (0)p−2, (0)q
)
,
(
(0)p,+1,−1, (0)p−2
)
, mI 6=a,b = 0. (37)
Furthermore, if x+y or x−y is an integer or a half-integer, then we find more massless vectors
or/and massless spinors. Supposing 1 ≤ b ≤ 8, the additional massless states appearing on
such planes in the moduli space are as follows;
(a) x− y ∈ Z:
V¯8χ
(0,0)
OO has the massless vectors with(
ma, mb
)
=
(
+1,−1, (0)p+q−2
)
, mI 6=a,b = 0, (38)
which correspond to the nonzero roots of SU(p+ q). There are no massless fermions.
(b) x+ y ∈ Z:
The massless spectrum on these planes is the same as on the planes (a).
(c) x− y ∈ Z + 1/2:
11
V¯8χ
(0,0)
OO has the massless vectors with (37). S¯8χ
(1/2,0)
OO has the massless spinors with(
ma, mb
)
= ±
(
+1, (0)p−1,−1, (0)q−1
)
, mI 6=a,b = 0, (39)
which correspond to the (p, q¯)⊕ (p¯, q) of SU(p)× SU(q).
(d) x+ y ∈ Z + 1/2:
V¯8χ
(0,0)
OO has the massless vectors with (37). S¯8χ
(1/2,0)
OO has the massless spinors with(
ma, mb
)
= ±
(
+1, (0)p−1,+1, (0)q−1
)
, mI 6=a,b = 0, (40)
which correspond to the (p, q)⊕ (p¯, q¯) of SU(p)× SU(q).
The intersections of two of the above planes are more special;
(a,b) x− y ∈ Z and x+ y ∈ Z:
V¯8χ
(0,0)
OO has the massless vectors with(
ma, mb
)
=
(
±1,±1, (0)p+q−2
)
, mI 6=a,b = 0, (41)
which correspond to the nonzero roots of SO (2(p+ q)). There are no massless fermions.
(a,d) x− y ∈ Z and x+ y ∈ Z + 1/2:
V¯8χ
(0,0)
OO has the massless vectors with the same values of
(
ma, mb
)
as in (38). S¯8χ
(1/2,0)
OO
has the massless spinors with
(
ma, mb
)
= ±
(
+1,+1, (0)p+q−2
)
, mI 6=a,b = 0, (42)
which correspond to the antisymmetric representation and its conjugate of SU(p+ q).
(b,c) x+ y ∈ Z and x− y ∈ Z + 1/2:
The massless spectrum at these intersections is the same as at the intersections (a,d).
(c,d) x− y ∈ Z + 1/2 and x+ y ∈ Z + 1/2:
V¯8χ
(0,0)
OO has the massless vectors with(
ma, mb
)
=
(
±1,±1, (0)p−2, (0)q
)
,
(
(0)p,±1,±1, (0)q−2
)
, mI 6=a,b = 0, (43)
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Fig. 2: The left and right figures show the special planes in the moduli space in the case
that 1 ≤ b ≤ 8 and 9 ≤ b ≤ 16 respectively. At generic points, the gauge symmetry is
SU(p) × SU(q) and there are no massless fermions. The red and blue lines correspond to
the planes (a), (b) and (c), (d) respectively. The red, blue, and green points correspond to
the intersections (a,b), (a,d) or (b,c), and (a,d) respectively.
which correspond to the nonzero roots of SO(2p)×SO(2q). S¯8χ(1/2,0)OO has the massless
spinors with (
ma, mb
)
=
(
±1, (0)p−1,±1, (0)q−1
)
mI 6=a,b = 0, (44)
which correspond to the nonzero roots of the (2p, 2q) of SO(2p)× SO(2q).
If 9 ≤ b ≤ 16, then the massless spectra on the planes where x±y is an integer (a half-integer)
are the same as on the planes where x±y is a half-integer (an integer) in the 1 ≤ b ≤ 8 case,
and the intersections (a,b) and (c,d) are exchanged accordingly. Fig. 2 shows the planes
and the intersections in the fundamental region of the x-y plane in the cases that 1 ≤ b ≤ 8
and 9 ≤ b ≤ 16. Note that the fundamental region of the moduli space becomes smaller
−1/2 < tI1 ≤ 1/2 in the region a ≈ 0 as in the one Wilson line case, which is shown from the
cosmological constant written as a function of tI1.
As a more special point in the moduli space, let us consider the following configuration
of the Wilson lines:
tA1 =
(
(0)p,
(
1
2
)q
,
(
1
4
)r
,
(
−1
4
)s)
, tA
′
1 =
(
(0)p
′
,
(
1
2
)q′
,
(
1
4
)r′
,
(
−1
4
)s′)
, (45)
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for p+ q + r + s = p′ + q′ + r′ + s′ = 8. The massless spectrum at this point is
• the nine-dimensional gravity multiplet: graviton Gµν , anti-symmetric tensor Bµν and
dilaton φ;
• the gauge bosons of SO(2P )× SO(2Q)× (SU(R)× U(1))× U(1)2;
• the spinors transforming in (2P , 2Q, 1)⊕
(
1, 1, R(R−1)
2
)
⊕
(
1, 1, R(R−1)
2
)
of SO(2P )×
SO(2Q)× SU(R),
where P ≡ p+ q′, Q ≡ q+p′, and R ≡ r+s+ r′+s′. Note that at the points with p = q′ = 8
or q = p′ = 8, the gauge symmetry is maximally enhanced to SO(32) and there are no
massless fermions.
3.1.2 Cosmological constant and stability
Following the procedure in Appendix C, the cosmological constant in the region a ≈ 0 is
Λ(9)(a, AI) ≃ C0
(
a0√
α′
)9
8

4
8∑
A=1
16∑
A′=9
cos
(
2πtA1
)
cos
(
2πtA
′
1
)
− 4
8∑
A,B=1
A>B
cos
(
2πtA1
)
cos
(
2πtB1
)
−4
16∑
A′,B′=9
A′>B′
cos
(
2πtA
′
1
)
cos
(
2πtB
′
1
)
− 24

 . (46)
Note that as we mentioned above, Λ(9) is already invariant under the shift tI1 → tI1 + 1 in
this model.
Let us study the stability of the Wilson lines from Λ(9). The first derivatives of Λ(9) are
∂Λ(9)
∂tA1
= −64πC0
(
a0√
α′
)9
sin
(
2πtA1
) (
cos
(
2πtA1
)−D) (47)
∂Λ(9)
∂tA
′
1
= −64πC0
(
a0√
α′
)9
sin
(
2πtA
′
1
)(
cos
(
2πtA
′
1
)
+D
)
, (48)
where we define D ≡∑8A=1 cos (2πtA1 )−∑16A′=9 cos (2πtA′1 ). The critical points are classified
into the following two types:
(i) For p+ q = p′ + q′ = 8,
ta1 = t
a′
1 = 0, t
b
1 = t
b′
1 =
1
2
, (49)
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where we denote the indices a, b, a′, b′ as
a = {a1, · · · , ap} , b = {b1, · · · , bq} , for 1 ≤ a, b ≤ 8
a′ =
{
a′1, · · · , a′p′
}
, b′ =
{
b′1, · · · , b′q′
}
, for 9 ≤ a′, b′ ≤ 16,
(50)
(ii) For 0 ≤ p+ q ≤ 7, 0 ≤ p′ + q′ ≤ 7, 0 ≤ p+ q′ ≤ 7, 0 ≤ q + p′ ≤ 7,
ta1 = t
a′
1 = 0, t
b
1 = t
b′
1 =
1
2
, (51)
and for A 6= a, b, A′ 6= a′, b′,
cos
(
2πtA1
)
= − cos
(
2πtA
′
1
)
= D =
p+ q′ − (q + p′)
p + q + p′ + q′ − 15 . (52)
In order to find out whether the above critical points are stable or not, we need to evaluate
the second derivatives:
∂2Λ(9)
∂tA1 ∂t
B
1
= −128π2C0
(
a0√
α′
)9
sin
(
2πtA1
)
sin
(
2πtB1
)
, for A 6= B,
cos
(
2πtA1
) (
cos
(
2πtA1
)−D) , for A = B, (53)
∂2Λ(9)
∂tA
′
1 ∂t
B′
1
= −128π2C0
(
a0√
α′
)9
sin
(
2πtA
′
1
)
sin
(
2πtB
′
1
)
, for A′ 6= B′,
cos
(
2πtA
′
1
) (
cos
(
2πtA
′
1
)
+D
)
, for A′ = B′,
(54)
∂2Λ(9)
∂tA1 ∂t
A′
1
= 128π2C0
(
a0√
α′
)9
sin
(
2πtA1
)
sin
(
2πtA
′
1
)
. (55)
Note that at the critical points (ii),
∂2Λ(9)
∂tA1 ∂t
A
1
=
∂2Λ(9)
∂tA
′
1 ∂t
A′
1
= 0,
∂2Λ(9)
∂tA1 ∂t
A′
1
6= 0, (56)
for A 6= a, b, A′ 6= a′, b′. Thus, at least one of the eigenvalues of the Hessian is negative and
these critical points are unstable. At the critical points (i), the Hessian is a diagonal matrix
and the diagonal components are
−128π2C0
(
a0√
α′
)9
1− (p+ q
′ − q − p′) for ta1, tb′1 ,
1 + (p+ q′ − q − p′) for tb1, ta′1 .
(57)
Therefore, the critical points with p = q′ = 8 or q = p′ = 8, where the gauge symmetry is
maximally enhanced to SO(32), are stable. Note that these points are the global minima of
Λ(9) and there are no local minima.
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The cosmological constant is negative at the minima since its leading behavior in the
region a ≈ 0 is written as Eq. (4). There are, however, critical points where Λ(9) ≃ 0,
though they are unstable. There are two types of such saddle points. One of them satisfies
(P,Q) = (9, 7) or (7, 9) and belongs to the critical points (i). The gauge symmetry is
SO(18) × SO(14) at the points. The other satisfies (P,Q) = (6, 6) and belongs to the
critical points (ii). The gauge symmetry is SO(12)×SO(12)× (SU(4)×U(1)) at the points.
3.2 Interpolation between E8 × E8 and SO(16)× SO(16)
Let us consider Model II with sixteen Wilson lines. According to (30), the partition function
of Model II is
Z(9)(a, AI) = Z
(7)
B
{
V¯8
(
χ
(0,0)
OO + χ
(0,0)
SS
)
− S¯8
(
χ
(0,0)
OS + χ
(0,0)
SO
)
+V¯8
(
χ
(1/2,0)
OS + χ
(1/2,0)
SO
)
− S¯8
(
χ
(1/2,0)
OO + χ
(1/2,0)
SS
)
+O¯8
(
χ
(0,1/2)
V C + χ
(0,1/2)
CV
)
− C¯8
(
χ
(0,1/2)
V V + χ
(0,1/2)
CC
)
+O¯8
(
χ
(1/2,1/2)
V V + χ
(1/2,1/2)
CC
)
− C¯8
(
χ
(1/2,1/2)
V C + χ
(1/2,1/2)
CV
)}
. (58)
3.2.1 Massless spectrum
For generic points in the moduli space, the massless spectrum is the same as in Model I: the
nine-dimensional gravity multiplet and the gauge bosons of U(1)18. Let us search for special
points in the moduli space where the additional massless states appear. For simplicity, let
us consider the following very special point:
tA1 =
(
(0)p1 , (1)p2 ,
(
1
2
)q1
,
(
−1
2
)q2)
, tA
′
1 =
(
(0)p
′
1 , (1)p
′
2 ,
(
1
2
)q′1
,
(
−1
2
)q′2)
, (59)
for p1+p2+ q1+ q2 = p
′
1+p
′
2+ q
′
1+ q
′
2 = 8. At this point, we find, from V¯8χ
(0,0)
OO , the massless
vectors with
mI =


(
±1,±1, (0)p−2, (0)q; (0)8
)
,
(
(0)p,±1,±1, (0)q−2; (0)8
)
,(
(0)8;±1,±1, (0)p′−2, (0)q′
)
,
(
(0)8; (0)p
′
,±1,±1, (0)q′−2
)
,
(60)
(61)
which correspod to the nonzero roots of SO(2p) × SO(2q) × SO(2p′) × SO(2q′), where
p = p1 + p2, q = q1 + q2, p
′ = p′1 + p
′
2, q
′ = q′1 + q
′
2. From S¯8χ
(1/2,0)
OO , we find the massless
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spinors with
mI =


(
±1, (0)p−1,±1, (0)q−1; (0)8
)
,(
(0)8;±1, (0)p′−1,±1, (0)q′−1
)
,
(62)
(63)
which correspond to the (2p, 2q) of SO(2p)×SO(2q) and the (2p′, 2q′) of SO(2p′)×SO(2q′).
Furthermore, if q (q′) is even, we find the massless states from V¯8χ
(1/2,0)
SO and S¯8χ
(0,0)
SO (V¯8χ
(1/2,0)
OS
and S¯8χ
(0,0)
OS ). Let us see what massless states appear when q = 0, 2, 4, 6, 8;
• q = 0:
There are massless states, in addition to with (60), with
mA =
1
2
(
±1,±1,±1,±1,±1,±1,±1,±1
+
)
, (64)
where the index + (−) attached to the underline indicates that the number of pluses
is even (odd). If p2 + q2 (which is just p2 in this case) is even, these states come from
S¯8χ
(0,0)
SO . Then, the massless spinors transforming in the 128 of SO(16) are massless.
On the other hand, if p2+ q2 is odd, the massless states with (64) come from V¯8χ
(1/2,0)
SO .
Then, the massless vectors with (60) and (64) give the nonzero roots of E8 and there
are no massless fermions.
• q = 2:
If p2 + q2 is even, V¯8χ
(1/2,0)
SO has the massless vectors with
mA =
1
2
(
±1,±1,±1,±1,±1,±1
+
,±1,±1
+
)
, (65)
and S¯8χ
(0,0)
SO has the massless spinors with
mA =
1
2
(
±1,±1,±1,±1,±1,±1−,±1,±1−,
)
. (66)
Noting (60) and (62) with q = 2 correspond to the nonzero roots and the bi-fundamental
representation of SO(12)×SO(4) respectively, we find the gauge bosons of E7×SU(2)
and the massless spinors transforming in the (56, 2) of E7 × SU(2). If p2 + q2 is odd,
then the massless states with (65) and (66) come from S¯8χ
(0,0)
SO and V¯8χ
(1/2,0)
SO respec-
tively, and the massless spectrum is the same as in the p2 + q2 ∈ 2Z case.
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Special points q = 0, 8 q = 2, 6 q = 4
p2 + q2 even odd even odd even odd
Gauge symmetry SO(16) E8 E7 × SU(2) E7 × SU(2) SO(16) SO(16)
Massless spinors 128 nothing (56, 2) (56, 2) 128 128
Table 3: The special points in the moduli space of Model II and the massless spectra at these
points.
• q = 4:
If p2 + q2 is even, V¯8χ
(1/2,0)
SO has the massless vectors with
mA =
1
2
(
±1,±1,±1,±1−,±1,±1,±1,±1−
)
, (67)
and S¯8χ
(0,0)
SO has the massless spinors with
mA =
1
2
(
±1,±1,±1,±1
+
,±1,±1,±1,±1
+
)
. (68)
Using triality symmetry in SO(8), we find the gauge bosons of SO(16) from (60) and
(67), and the massless spinors transforming in the 128 of SO(16) from (62) and (68).
If p2 + q2 is odd, then the massless states with (68) and (67) come from S¯8χ
(0,0)
SO and
V¯8χ
(1/2,0)
SO respectively, and the massless spectrum is the same as in the p2 + q2 ∈ 2Z
case.
• q = 6:
The massless spectrum is the same as in the q = 2 case.
• q = 8:
The massless spectrum is the same as in the q = 0 case.
Table 3 summarizes the massless spectra at the above special points in the moduli space.
Note that V¯8χ
(1/2,0)
SO and S¯8χ
(0,0)
SO give the massless states only when m
A′ = 0. We can find
the massless states with mA = 0 from V¯8χ
(1/2,0)
OS , S¯8χ
(0,0)
OS and the same massless spectra as
in Table 3.
In this model, we have restricted our attention to the quite special points (59) in the
moduli space. We can, of course, find the other special points and identify the massless
spectra at the points, by using the expansions given in Appendix D.
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3.2.2 Cosmological constant and stability
The cosmological constant of Model II can be evaluated as
Λ(9)(a, AI) ≃ C0
(
a0√
α′
)9
8
{
128
(
8∏
A=1
cos
(
πtA1
)
+
8∏
A=1
sin
(
πtA1
))
+128
(
16∏
A′=9
cos
(
πtA
′
1
)
+
16∏
A′=9
sin
(
πtA
′
1
))
−4
8∑
A,B=1
A>B
cos
(
2πtA1
)
cos
(
2πtB1
)
−4
16∑
A′,B′=9
A′>B′
cos
(
2πtA
′
1
)
cos
(
2πtA
′
1
)
− 24

 . (69)
Let us analyze the stability of the Wilson lines from Λ(9). The first derivatives are
∂Λ(9)
∂tA1
= 64πC0
(
a0√
α′
)9 {−16PA1 + sin (2πtA1 ) (D1 − cos (2πtA1 ))} (70)
where we define
D1 ≡
8∑
A=1
cos
(
2πtA1
)
, (71)
PA1 ≡ sin
(
πtA1
) 8∏
B=1
B 6=A
cos
(
πtB1
)− cos (πtA1 ) 8∏
B=1
B 6=A
sin
(
πtB1
)
. (72)
Note that the first derivatives (70) do not depend on tA
′
1 and ∂Λ
(9)/∂tA
′
1 takes the same form
as in (70). So, it is sufficient to analyze the stability with tA1 only. Since it is difficult to
solve ∂Λ(9)/∂tA1 = 0 for generic values of t
A
1 , we use the ansatz that t
A
1 at critical points can
be written as the following form, except the freedoms of permutations of the components:
tA1 =
(
(0)p1, (1)p2,
(
1
2
)q1
,
(
1
2
)q2
,
(
1
4
)r1
,
(
−3
4
)r2
,
(
−1
4
)s1
,
(
3
4
)s2)
, (73)
where p+ q + r + s = 8 for p = p1 + p2, q = q1 + q2, r = r1 + r2, s = s1 + s2. Then, we find
that the critical points have to satisfy at least one of the following conditions:
(i) p ≥ 2, q ≥ 2 and p+ q = 8;
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(ii) p ≥ 2, q ≥ 2 and p = q;
(iii) p = q = 0 and s is even;
(iv) (p, q) = (0, 2), (0, 4) and q2 + r2 + s1 is even;
(v) (p, q) = (2, 0), (4, 0) and p2 + r2 + s2 is even;
(vi) (p, q) = (8, 0), (0, 8).
The second derivatives are
∂2Λ(9)
∂tA1 ∂t
B
1
= 128π2C0
(
a0√
α′
)9

{−8P0 + cos (2πtA1 ) (D1 − cos (2πtA1 ))} , for A = B,{−8PAB2 + sin (2πtA1 ) sin (2πtB1 )} , for A 6= B, (74)
where
P0 ≡
8∏
A=1
cos
(
πtA1
)
+
8∏
A=1
sin
(
πtA1
)
, (75)
PAB2 ≡ sin
(
πtA1
)
sin
(
πtB1
) 8∏
C=1
C 6=A,B
cos
(
πtC1
)
+ cos
(
πtA1
)
cos
(
πtB1
) 8∏
C=1
C 6=A,B
sin
(
πtC1
)
. (76)
Let us evaluate the Hessian at the critical points and analyze the stability of the Wilson
lines. Note that if a symmetric matrix is positive definite, then all of the leading principal
minors must be positive. Then, it turns out that the critical points which satisfy one of the
five conditions (i)-(v) are unstable. At the critical points satisfying the condition (vi), the
second derivatives are
∂2Λ(9)
∂tA1 ∂t
A
1
= 128π2C0
(
a0√
α′
)9

(
8 (−1)p2+1 + 7) , for (p, q) = (8, 0),(
8 (−1)q2+1 + 7) , for (p, q) = (0, 8), (77)
∂2Λ(9)
∂tA1 ∂t
B
1
= 0, for A 6= B. (78)
Therefore, the critical points with (p, q) = (8, 0), p1 ∈ 2Z + 1 or (p, q) = (0, 8), q1 ∈ 2Z + 1,
where the gauge symmetry is maximally enhanced to E8, have the positive definite Hessian.
Taking into account the derivatives with respect to tA
′
1 , we find that the minima of Λ
(9)
correspond to the points where the gauge symmetry is E8 × E8. There are no massless
fermions.
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At the minima of Λ(9), the cosmological constant is negative since its leading term is
proportional to nF − nB. As in Model I, however, we can find two types of critical points
with Λ(9) ≃ 0, which are unstable. One of them is a set of critical points where the gauge
symmetry is SO(16)× SO(10)× SO(6). At the other type of the critical points, the gauge
symmetry is (SU(8)× U(1))2 × (SU(2)× U(1))2.
4 Conclusions and Discussions
We have calculated the partition function of 9D interpolating models under the Wilson line
backgrounds and studied the massless spectra. In this work, we consider two interpolations
between 10D heterotic string models:
• Model I: 10D SUSY SO(32) model ←→ 10D SO(16)× SO(16) model
• Model II: 10D SUSY E8 ×E8 model ←→ 10D SO(16)× SO(16) model
Although the gauge symmetry is U(1)18 and all of the fermions are massive at generic
points in the moduli space, we have found some special points where the gauge symmetry
is enhanced to non-Abelian groups and some fermions are massless. We have evaluated the
cosmological constants in the region a ≈ 0 as functions of moduli and analyze the stability of
the Wilson lines. It turns out that the Wilson lines are stabilized when the gauge symmetry
is maximally enhanced, and the cosmological constants are negative at the stable points.
In this paper, we have focused only on 9D interpolating models constructed from 10D
endpoint models with the Scherk-Schwarz compactification. In order to construct more
realistic models, of course, we have to compactify more dimensions and consider 4D string
models. It is not difficult to obtain 4D string models by compactifying the 9D interpolating
models studied in this paper on tori. In such 4D models, the process of supersymmetry
breaking by the Scherk-Schwarz mechanism is N = 4 → 0. Rather, it is more interesting
to consider the supersymmetry breaking N = 2 → 0 or N = 1 → 0 by compactifying on
orbifolds as in Ref. [44, 45, 46], in order to investigate the phenomenological aspects of
interpolating models.
In Ref. [42, 43], S-duality between heterotic string vacua and type I string vacua in
non-supersymmetric cases is explored. In Ref. [54, 55, 56, 57], the moduli space in non-
supersymmetric type I models constructed by the Scherk-Schwartz compactification, which
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is characterized by brane configurations, are discussed. On the other hand, the moduli in
heterotic picture correspond to the parameters of boosts of the momentum lattices. It is
interesting to figure out the correspondence between the moduli space and the landscape in
the different pictures explicitly, as well in [58].
In this work, we focused on the interpolations in which the non-supersymmetric end-
point is the tachyon-free heterotic SO(16) × SO(16) model. There are a lot of 10D non-
supersymmetric string models that have a tachyonic state, and such tachyonic string models
can be good starting points in non-supersymmetric string phenomenology[59, 60]. It is in-
teresting to consider the interpolations from tachyonic string vacua to supersymmetric ones
because the tachyon becomes massive as the radius approaches the region where supersym-
metry is asymptotically restoring.
Important future work is concerned with the stability of the moduli. The cosmological
constants are exponentially suppressed at the saddle points while they are negative at the
minima of the one-loop effective potentials. The question of whether de Sitter string vacua
can be constructed or not is one of the recent main issues in string phenomenology. It has
been conjectured that string vacua with positive cosmological constants are not allowed[61,
62, 63, 64, 65, 66, 67]. In spite of this conjecture, our universe has a very small positive
cosmological constant. So, constructions of metastable string vacua have been attracted
attention recently. One of the possibilities to obtain such metastable vacua is to include
effects of higher loop corrections. As in the KKLT scenario[68], the minima of the effective
potential might be uplifted due to the higher loop corrections and de Sitter or Minkowski
metastable vacua might be realized.
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A Notation
We summarize the notation for some functions that appear in the partition functions. The
Dedekind eta function is defined as
η(τ) = q1/24
∞∏
n=1
(1− qn) , (79)
where q = e2πiτ . The theta function with characteristics is defined as
ϑ
[
α
β
]
(z, τ) =
∞∑
n=−∞
exp
(
πi(n + α)2τ + 2πi(n + α)(z + β)
)
. (80)
The SO(2n) characters are defined in terms of the Dedekind eta function and the theta
functions as follows:(
O2n
V2n
)
≡ 1
2ηn
(
ϑn
[
0
0
]
(0, τ)± ϑn
[
0
1/2
]
(0, τ)
)
=
1
ηn
∑
mA∈Zn
±
q|m|
2/2, (81)
(
S2n
C2n
)
≡ 1
2ηn
(
ϑn
[
1/2
0
]
(0, τ)± ϑn
[
1/2
1/2
]
(0, τ)
)
=
1
ηn
∑
mA∈Zn
±
+1/2
q|m|
2/2, (82)
where |m|2 =∑nA=1 (mA)2, and Zn± is defined as
Z8+ =
{
mA ∈ Zn
∣∣∣∣∣
∑
A
mA ∈ 2Z
}
, Zn
−
=
{
mA ∈ Zn
∣∣∣∣∣
∑
A
mA ∈ 2Z + 1
}
. (83)
Note that in the second equality of (82), we assume n ∈ 4Z.
B Examples of 10D endpoint models
In this appendix, we provide concrete examples of Z++ in Eq. (1) and the Z2 action Q which
relates Z++ to
(
Z++ + Z
+
− + Z
−
+ + Z
−
−
)
/2. This review is based on Ref. [42]. In Model I which
interpolates from the supersymmetric SO(32) model to the SO(16)× SO(16) model, Z++ is
given by
Z++ =
(
V¯8 − S¯8
)
(O16O16 + V16V16 + S16S16 + C16C16) , (84)
which is zero due to the Jacobi’s abstruse identity. In order to obtain the SO(16)× SO(16)
model as the other endpoint, we adopt a Z2 action Q as R¯SCR
(1)
SCR
(2)
V S, where R¯SC acts the
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right-moving SO(8) representations and R
(1)
SC and R
(2)
SV act the first and second left-moving
SO(16) representations respectively as follows:
R¯SC :
(
O¯8, V¯8, S¯8, C¯8
)→ (O¯8, V¯8,−S¯8,−C¯8) , (85)
R
(1)
SC : (O16, V16, S16, C16)→ (O16, V16,−S16,−C16) , (86)
R
(2)
SV : (O16, V16, S16, C16)→ (O16,−V16,−S16, C16) . (87)
By projecting out Z++ by Q and using the transformations of SO(2n) characters under
S : τ → −1/τ 

O2n
V2n
S2n
C2n

→


1 1 1 1
1 1 −1 −1
1 −1 in −in
1 −1 −in in




O2n
V2n
S2n
C2n

 , (88)
we obtain
1
2
(
Z++ + Z
+
− + Z
−
+ + Z
−
−
)
=O¯8 (V16C16 + C16V16) + V¯8 (O16O16 + S16S16)
− S¯8 (V16V16 + C16C16)− C¯8 (O16S16 + S16O16) , (89)
which is the partition function of the SO(16)× SO(16) model except for the factor Z(8)B .
In Model II, in which the supersymmetric endpoint is the E8×E8 model, Z++ is given by
Z++ =
(
V¯8 − S¯8
)
(O16 + S16) (O16 + S16) . (90)
Taking the same Z2 action Q as in Model I, we can obtain Eq. (89) from Z
+
+ by projecting
out by Q and adding the twisted sectors.
In order to construct 9D interpolating models, Z
(8)
B Z
+
+ have to be compactified on a circle
with the twist, in addition to by Q, by a half translation T :
T : X9 → X9 + πR. (91)
As the states which are invariant under T have even numbers of quantized internal momenta,
the effects of the projection by T appear in the momentum lattices. The compactification
of Z++ on a circle with the total Z2 twist by T Q provides the partition function which takes
the form (1).
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C Suppression of the cosmological constant in the asymp-
totic region a ≈ 0
In this appendix, we review, in the current notation, the basic argument and derivation of
the suppression of the cosmological constant [16, 17] for a generic interpolating model in
the region a ≈ 0 where supersymmetry is asymptotically restoring. For definiteness, we
demonstrate this for the 9D interpolating models discussed in the text of this paper, but the
derivation is applicable to more general D-dimensional interpolating models.
As is well known, the cosmological constant in D-dimensions is written as the integral of
the partition function
Λ(D) = −1
2
(
4π2α′
)−D/2 ∫
F
d2τ
τ 22
Z(D) (92)
over the fundamental region F of the modular group
F =
{
τ = τ1 + iτ2 ∈ C
∣∣∣∣−12 ≤ τ1 ≤ 12 , |τ | ≥ 1
}
. (93)
For our convenience, we decompose F into two pieces F≥1 = F|τ2≥1 and F<1 = F|τ2<1. Let
us take Eq. (1) as Z(D) and look at the region. By the assumption made in this paper, Z++ is
zero and the states with non-vanishing winding numbers are exponentially suppressed. This
permits us to write
Z
(9)
int ≃
1
2
Z
(7)
B Z
+
−
(
Λ0,0 − Λ1/2,0
)
=
√
τ2
2
Z
(8)
B Z
+
−
∑
n∈Z
(
e−4πτ2a
2n2 − e−4πτ2a2(n+1/2)2
)
. (94)
The physical meaning of this expression involving the momentum sum with an alternating
sign is rather clear; the mass splitting α′M2s = a
2 between a boson and a fermion adjacent to
each other is small and a series of nearly degenerate bose-fermi supermultiplets are formed.
While this expression itself does not allow us to estimate its value in the region that we work
with, we can, of course, invoke the Jacobi imaginary transformation to recast Eq. (94) into
Z
(9)
int ≃
1
a
Z
(8)
B Z
+
−
∞∑
n=1
e−(2n−1)
2π/(4τ2a2). (95)
25
Let us show the exponential suppression on the contribution to the cosmological constant
from a generic non-vanishing level m 6= 0, taking a factor qm+ q¯m− ≡ (qq¯)m e2πiτ1s from
Z
(8)
B Z
+
− . Using the inequality on the arithmetic-geometric mean, we obtain
∞∑
n=1
e−(2n−1)
2π/(4τ2a2) (qq¯)m ≤ e
−2π√m/a
1− e−4π√m/a . (96)
This bound is τ2 independent and together with τ
−6
2 , it can be integrated over F≥1, giving
a finite prefactor. So, this part of the contribution is at least suppressed by an exponential
factor e−2π/a. As for the integration over F<1, the domain itself is finite and the integrand
itself is singularity free. We can easily bound the integrand Z
(9)
int by
Z
(9)
int <
1
a
Z
(8)
B Z
+
−
∞∑
n=1
e−(2n−1)π/(4τ2a
2) =
1
a
Z
(8)
B Z
+
−
e−π/(4a
2)
1− e−2π/(4a2) (97)
So, the contribution from this part of the integration to the cosmological constant is sup-
pressed at least by an exponential factor e−π/4a
2
.
Let us now turn out attention to the m = 0 case, namely, the contribution from the
massless levels. The same reasoning holds for the integration over F<1 as in the m 6= 0
case and the contribution from this part of the integration to the cosmological constant is
exponentially suppressed as well. Finally, let us see the contribution from the integration
over F≥1. We need to evaluate the following integral up to an exponential accuracy e−π/4a2
at a ≈ 0:
1
a
∫ ∞
1
dτ2τ
−6
2
∞∑
n=1
e−(2n−1)
2/(4τ2a2) ≃ 4!
π5
a9ζ (10, 1/2) , (98)
where ζ (10, 1/2) = (210 − 1) ζ(10). From these estimates, we conclude that
Λ(9) =
4!
π5
a9ζ (10, 1/2) (nF − nB)
(
4π2α′
)−9/2
+O (e−2π/a) . (99)
In Ref. [39], the subleading contributions to the cosmological constant have been derived.
D Momentum lattices boosted by Wilson lines
In order to see the degrees of freedom of the states at each mass level from the partition
functions (32) and (58), let us see the behaviors of the momentum lattice (31) in the region
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a ≈ 0:
Λ(α,0)
[
γ1 γ2
δ1 δ2
]
≃
w=0
(η¯η)−1 η−16
∑
n∈Z
∑
mA∈Z8
∑
mA′∈Z8
(
8∏
A=1
e2πδ1(m
A+γ1)q(m
A+γ1)
2
/2
)
×
(
16∏
A′=9
e
2πδ2
(
mA
′
+γ2
)
q
(
mA
′
+γ2
)2
/2
)
(qq¯)a
2
0
(n+α+t1·(m+γ))2 (100)
By using this, the following products, which contain the contributions from the left-moving
states to the partition function, are expanded as
η¯η−7χ(α,0)∗∗ ≃ η−24
∑
n∈Z
∑
mA
∑
mA′
q|m|
2/2 (qq¯)a
2
0
(n+α+m·t1)2 . (101)
Here the sums over mA and mA
′
depend on χ
(α,0)
∗∗ as in the following table:
χ
(α,0)
OO χ
(α,0)
V V χ
(α,0)
SS χ
(α,0)
CC χ
(α,0)
SO χ
(α,0)
OS χ
(α,0)
CV χ
(α,0)
V C
mA Z8+ Z
8
−
Z8+ + 1/2 Z
8
−
+ 1/2 Z8+ + 1/2 Z
8
+ Z
8
−
+ 1/2 Z8
−
mA
′
Z8+ Z
8
−
Z8+ + 1/2 Z
8
−
+ 1/2 Z8+ Z
8
+ + 1/2 Z
8
−
Z8
−
+ 1/2
Note that
1
2
(
±1,±1,±1,±1,±1,±1,±1,±1
+
)
∈ Z8+ +
1
2
, (102)
1
2
(
±1,±1,±1,±1,±1,±1,±1,±1−
)
∈ Z8
−
+
1
2
, (103)
which correspond to the 128 and the 128′ representations of SO(16) respectively. The
prefactor η−24, which represents the contributions from the nonzero modes of the left-moving
bosonic string coordinates, is expanded as
η−24 = q−1 + 24 +O(q). (104)
Then, for generic values of tI1, we find the massless states with n = m
I = 0 from η¯η−7χ(0,0)OO ,
whose left-moving degrees of freedom are 24. There are no other massless states for generic
values of tI1. However, if t
I
1 satisfies m · t1 ∈ Z +α for mI satisfying |m|2 = 2, then there are
additional massless states. For example, from χ
(α,0)
V V , we find the massless states with
mI =
(
mA;mA
′
)
=
(
±1, (0)7;±1, (0)7
)
, (105)
if all the components of tI1 are integers or half-integers. We can find the other special values
of tI1 and the additional massless states at the values which are given in Sect. 3. Note that
the states found from χ
(α,0)
SS , χ
(α,0)
CC , χ
(α,0)
V C , χ
(α,0)
CV can not be massless because there is no m
I
satisfying |m|2 = 2 in the sums.
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